A multi-beam forming method was proposed for parametric array research. It was supposed that by this method, parametric array could generate a difference frequency wave containing multiple sub-beams. In order to verify the feasibility of the method, simulation and experiments were conducted to generate a difference frequency wave containing double sub-beams. As seen from the test result, the generated difference frequency waves present a double sub-beams shape. In addition to the partial overlap that exists between the sub-beams, the experimental data matched the anticipated results well. Therefore, the proposed multi-beam forming method was proved to be effective and feasible.
1 Introduction linear theory [12] , the PFW directivity for a single piston source could be derived as D p e ðÞ and given by:
Where, k (k ¼ !=c o , ω is the PFW's frequency, c o is sound velocity) is the wavenumber, a is the piston diameter and θ is the spatial angle with respect to the beam axis. When two PFW S 1 and S 2 were simultaneously loaded to a single piston source, according to the product directivity principle [12] , the directivity of the DFW S d generated by S 1 and S 2 could be described with the products of the PFWs' directivities. Namely written as D d e (θ):
D d e ðÞ ¼ D p e ðk S1 ; ÞD p e ðk S2 ; Þ ð 2Þ
Eq.
(2) described the directivity of the DFW generated by a single piston source. If an N-element uniform linear piston array is used as the sound source, the PFW signal was loaded up to each element and forms the signal vector E ¼ ½e 1 ; e 2 ; Á Á Á ; e N . The directivity of the array-generated PFW is given by Hðk; Þ Á D p e ðk; Þ, D p e ðk; Þ is the element directivity factor (as described in Eq. 1) and Hðk; Þ was the array directivity factor, where the mathematical description is
In Eq. (3), w i and ' i are respectively the amplitude weight and the initial phase of e i (the PFW signal that is loaded to the i-th array element), W ¼ ½w 1 ; w 2 ; Á Á Á ; w N and È ¼ ½e Àj' 1 ; e Àj' 2 ; Á Á Á ; e Àj' N denoted the amplitude weight vector and initial phase vector separately. In the array beam-forming process, W and Φ would affect the PFW's beam shape and spatial distribution respectively. Therefore, under the conditions of a linear array sound source, the directivity D d a ðk; Þ of the S d can be estimated with Hðk S1 ; ÞD p e ðk S1 ; Þ Á Hðk S2 ; ÞD p e ðk S2 ; Þ as follows. D d a ðÞ ¼ D P S1 ðk S1 ; ÞD P S2 ðk S2 ; Þ ¼ Hðk S1 ; ÞD p e ðk S1 ; Þ Á Hðk S2 ; ÞD p e ðk S2 ; Þ
w l Á e Àjðk S1 ðlÀ1Þd sin þ' l Þ ! 2J 1 ðk S1 a sinðÞÞ k S1 a sinðÞ
Eq. (4) indicates that S d will be generated and distributed at the location where S 1 and S 2 are mutually overlapped, its beam steering can be achieved indirectly by altering the PFW's distributions. Therefore based on the N-element uniform linear array source, a method for PAA transmitting multi-beamforming was proposed. This method suggests that, M groups of the PFWs (S group 1 -S group M ) with different spatial distributions are transmitted at the same time, and then they will generate the DFWs S d1 -S dM at the different positions. If S d1 -S dM are taken as the sub-beams, an integral beam including M sub-beams could be obtained and the purpose of PAA transmitting multi-beam forming shall be achieved. Considering M ¼ 2, a sche-matic diagram of double sub-beams DFW is shown in Fig. 1 . PFW groups S 1 þ S 2 and S 3 þ S 4 are transmitted at the same time. S 1 þ S 2 located at o 1 and generated the DFW S d1 . S 3 þ S 4 located at o 2 and then generated the DFW S d2 . S d1 and S d2 are taken as the sub-beams and combined together to form a DFW in the shape of double sub-beams. Based on the beam steering of PFWs S 1 -S 4 , S d1 and S d2 obtained beam-steering capability indirectly.
The focus for the method mentioned above is to make each PFW group gain the ability of beam-steering, so that the DFW could be generated on the designed locations. With phased array technology applied, the PFW beam-steering could be electronically controlled by setting the initial phase of the PFW signals, and the time-delay model is the way to produce the suitable initial phase. Fig. 2 shows the architecture of signal processing of the multi-beam forming method. In Fig. 2 , M PFW groups S group 1 -S group M , which have the different propagation directions, are transmitted to generate the DFW sub-beams S d1 -S dM , each PFW group included two PFWs (e.g., S group 1 contains S 1 and S 2 ). To obtain the PFWs as required, PFW signals SIG 1 -SIG 2M are expanded to form the PFW signal vectors E S1 -E S2M , and then E S1 -E S2M are loaded to the transducer array to produce PFWs S 1 -S 2M . In the signal vector expansion process, different initial phases and amplitude weights are loaded to make S 1 -S 2M obtain different spatial distributions and beam shapes.
In Fig. 2 , E S1 -E S2M are generated by the digital signal time delay processes and the initial phases required by the PFW beam-steering were set in this processes as well. Taking SIG 1 's generation of E S1 as an example, the header element e s1 1 was generated directly by SIG 1 , then the initial phase of the i-th element e s1 i is accumulated to e j!ðiÀ1Þ( 1 . Finally the initial phase vector for E S1 could be written as È S1 ¼ ½1; e j!( 1 ; Á Á Á ; e j!ðNÀ1Þ( 1 . As above ( 1 could be calculated as [13] :
Where d is the distance between the adjacent array elements, λ is the wave length of PFW, c o denoted the sound velocity and 1 indicated the beam steering angle of S 1 . According to Eq. (5), if the same signal delay time is set, the different PFWs will get the same beam steering angle. Therefore, the PFWs in the same group should be set with the same delay time to achieve the synchronous beam-steering; the different delay time ( 1 -( M needed to be loaded on the different PFW groups so that S group 1 -S group M could obtain a different spatial distribution as expected. It can be observed in Fig. 2 , the amplitude weighting process is carried out after the signal time delaying process. However, this study mainly focused on the spatial distributions of the wave beams, so that only the equal amplitude weighting will be considered in the subsequent discussions, W S1 -W S2M are all set to vectors consisted of 1. Combined with Eq. (4) and (5), the directivity function for the multi-beam DFW could be expressed as Eq. (6) . In order to verify the feasibility of this multibeam forming method, based on Eq. (6), the beam-forming simulation was carried out in Sections 3 for the DFWs containing double sub-beams.
3 Simulation for double sub-beams DFW As be introduced in Fig. 1 , two PFW groups S 1 þ S 2 and S 3 þ S 4 were set to transmit to generate a DFW with two sub-beams S d1 and S d2 in the simulations. The horizontal beam patterns of S 1 -S 4 and S d1 þ S d2 (on the XOY plane of Fig. 3 ) were depicted. S d1 and S d2 were set to locate symmetrically about the array's normal direction, namely the steering angle o 1 ¼ À o 2 . We respectively implement the beamforming simulations of PFW and DFW when o 1 and o 2 are 5°and −5°, 10°and −10°, and 20°and −20°. The PFWs were set to be produced by an M Â N uniform matrix piston array in Fig. 3 . In the horizontal plane, the directivity of the generated DFW can also be described with Eq. (6) . Considering the parameter limits of the actual were set at f S1 þ f S2 ¼ 39 kHz þ 41 kHz and f S3 þ f S4 ¼ 38:5 kHz þ 41:5 kHz respectively, thus S d1 and S d2 would have the frequencies of f Sd1 ¼ 2 kHz and f Sd2 ¼ 3 kHz. Fig. 4 showed the beam pattern simulation results for the PFWs S 1 -S 4 and the DFWs S d1 and S d2 , when 0 1 and 0 2 were 5°and −5°. Based on Eq. (5), the signal delay times ( 1 and ( 2 were calculated in Eq. (7) . The symbol '-' of ( 2 indicated to gain different beam-steering direction, the signal time delay sequence of S 3 þ S 4 was opposite to S 1 þ S 2 . M S1 -M S4 in Fig. 4 (a) were the main lobes of the PFWs S 1 -S 4 . M S1 and M S2 overlapped with each other at ¼ 5°; M S3 and M S4 similarly performed at ¼ À5°. S 1 -S 4 had met the generation requirements of DFWs. Therefore in Fig. 4(b) , S d1 and S d2 obtained their main lobes, M Sd1 and M Sd2 at 5°and −5°. Table I showed the locations and peak intensity for each lobe contained in S d1 and S d2 . Columns 2 and 6 showed that when the steering angle increased from 0 2 ¼ 5°to 0 2 ¼ 20°, the peak intensity of M Sd1 and M Sd2 were both changed from −0.1 dB to −1.2 dB. Ignoring the beam-steering direction, Fig. 5 (a) stood for the curves of the peak intensity of M Sd1 and M Sd2 with respect to the absolute values of beam steering angle. Within the range of steering angle selected for the simulation (namely j 0 1 j, j 0 2 j½0; 20), these two curves almost overlapped and both showed monotonic decreasing trends. The enlarged view of the dotted rectangle shown on the right indicated that, M Sd2 , which has the higher frequency, got a deeper inhibition with beam steering angle increasing. However there was only a slight difference between M Sd1 and M Sd2 . According to the given simulation parameters, the simulation results indicated the intensity differences of the sub-beams caused by the frequency differences were almost negligible. The maximum intensity attenuation for each sub-beam was less than 1.2 dB, thus the intensity attenuation caused by beam steering had only weak effects on sub-beam generation. In Fig. 4(a) , each of S 1 -S 4 contained pair of grating lobes (e.g., G S1-1 and G S1-2 belonged to S 1 ). Similar to the main lobes, these grating lobes respectively generated DFW grating lobes G Sd1-1 , G Sd1-2 , G Sd2-1 , and G Sd2-2 . The peak intensity curves of these DFW grating lobes stood for different variation trends in Fig. 5(b) . G Sd1-2 and G Sd2-1 deviated from the normal array direction and they gradually decreased until they were eliminated. Oppositely, G Sd1-1 and G Sd2-2 steered towards the normal array direction; their intensity got the increasing trends. However, the data in Columns 3, 4 and columns 7, 8 of Table I showed that, the strongest grating lobe still had an obvious intensity attenuation, compared with the main lobes (i.e., G Sd1-1 was lower than M Sd1 about 12.8 dB, when the beam steering angle 0 1 was 20°). Therefore, according to the selected signal and array parameters, the grating lobes would only have a weak effect on the DFWs' multi-beam forming. Furthermore, S d1 and S d2 in Fig. 4(b) also contained the side lobes P Sd1 and P Sd2 , respectively. P Sd1 was generated by P S1 þ P S2 . P Sd2 was generated by P S3 þ P S4 . Columns 5 and 9 of Table I listed the locations and the peak intensity of P Sd1 and P Sd2 . Although P Sd1 and P Sd2 were around 26.7 dB lower than their main lobe, due to the locations of these side lobes, they still have negatively affected the lobe shapes of DFW sub-beams, and it was indeed verified in subsequent experiments. The simulation results declared that the DFW with double sub-beams could be generated based on the selected array and signal parameters. In the following section, according to the same signal and array parameters in the simulation, the beam forming experiment of the double sub-beams DFW was completed.
Experiments for double sub-beams DFW
To verify the feasibility of the proposed PAA multi-beam forming method, a test platform was set up in Fig. 6(a) to generate a double sub-beam DFW. AT40-10P ultrasonic transducer had a resonance frequency of 40 kHz and was selected to compose the 3 Â 24 uniform matrix transducer array (see Fig. 6(b) ). The array was vertically attached to a rotating platform with a center that was 1.4 m away from the ground. With the 1°step adjusted, it could achieve rotation in the AE90°range on the horizontal plane. An MPA-401 microphone was used as a receiver to acquire the signal for the PFWs and the DFWs in Fig. 6(c) . Each column in the array was set as a channel, the XC3S700A signal processing platform was selected to realize 24channel signal process, and the initial phase would be set up in each channel signal. Two PFW groups S 1 þ S 2 and S 3 þ S 4 , same as in the simulation, were transmitted in the experiment to generate a DFW with sub-beams S d1 and S d2 . When the beam steering angles of 0 1 and 0 2 were respectively set at 5°and −5°, 10°and −10°, and 20°and −20°, the beam patterns of the PFWs S 1 -S 4 were depicted with solid lines from Fig. 7 to Fig. 9 . Their corresponding simulation results were also depicted with dash lines for better comparison. In Fig. 7(a)-(d) , M S1 and M S2 were the main lobes of S 1 and S 2 respectively, both of them located at the direction of ¼ 5°, while M S3 and M S4 , the main lobes of S 3 and S 4 , simultaneously located at the position of ¼ À5°. The conditions for generation of sub-beams S d1 and S d2 have met. However, each experimentally generated main lobe of the PFWs is broadened significantly comparing to the simulation results. As discussed previously for the simulation results, the presence of the high-intensity sidelobes can be treated as the reason for the lobe broadening. With test stepping of 1°, the boundary between a main lobe and its nearest sidelobes may be ignored in the tests, and these lobes are drawn together into a wider lobe in the tested beam pattern. Fig. 7 also showed that each PFW generated a pair of grating lobes. Table II listed the test results of the lobe intensity and locations of PFWs S 1 -S 4 . The data showed that grating lobe G S1-1 , G S2-1 , G S3-2 and G S4-2 were close to the normal array direction, they had higher intensity than G S1-2 , G S2-2 , G S3-1 and G S4-1 respectively. However, the frequency difference between S 1 and S 2 caused a spatial distribution interval of 3°between G S11 and G S21 , it brought the favorable conditions on the grating lobe elimination of DFW. Similar situation also occurred in G S12 and G S22 , but due to their lower intensity, only a weaker DFW grating lobe would be generated by them. G S1-1 , G S2-1 , G S3-2 and G S4-2 got more increase in Fig. 8 and Fig. 9 ; In the meanwhile, G S1-2 , G S2-2 , G S3-1 and G S4-1 were further weakened in Fig. 8 and then completely eliminated in Fig. 9 . Table II and Fig. 7-Fig. 9 indicated that, the PFWs generated in the experiment had basically met the requirements for the multi-beam forming of DFW. As expected, the DFW sub-beams S d1 and S d2 were generated successfully in the experiment. The tested beam patterns were shown in Fig. 10 , where the corresponding simulated beam patterns were drawn by dash line as well. When 0 1 and 0 2 were 5°and −5°, S d1 (red solid line drawing, f Sd1 ¼ 2 kHz) and S d2 (blue dotted line drawing, f Sd2 ¼ 3 kHz) were drawn in Fig. 10(a) . In this figure, M d1 and M d2 , the main lobes of S d1 and S d2 , were generated in the directions consistent with the simulation and formed a double sub-beam shape as supposed. When M d1 and M d2 were accurately steered to the directions of ¼ 10°and ¼ À10°, ¼ 20°and ¼ À20°, similar beam shapes were formed respectively in Fig. 10 (b) and 10(c). The test results indicated that the DFW which contained the double sub-beams could be generated and its sub-beams were steerable. In Fig. 10(a) , S d1 and S d2 generate the grating lobes G d11 þ G d12 and G d21 þ G d22 respectively, Table III presents the intensity and the locations of these grating lobes. It can be observed that, G d11 and G d21 have higher intensity than G d12 and G d22 .
However, comparing to their main lobes, G d11 and G d21 were attenuated by 17.1 dB and 18.1 dB respectively. The corresponding data are 20.3 dB and 22.3 dB when 0 1 and 0 2 increase to 10°and −10°, and 22.4 dB and 24.6 dB when 0 1 and 0 2 further increase to 20°and −20°. Therefore, the problem of beam aliasing caused by the grating lobes could almost be negligible in this experiment. The lobes of S d1 and S d2 were also significantly broadened in Fig. 10 , and a partial overlap between M d1 and M d2 were observed. Point A and B located at the positions where M d1 and M d2 attain attenuation of −20 dB, consider them as the boundary, the sub-beam aliasing range was from −10°to 13°in Fig. 10(a) and from −8°to 10°in Fig. 10(b) . When the steering angles were further adjusted to 20°and −20°, S d1 and S d2 were separated from each other in Fig. 10(c) . The generated DFWs in the experiment basically obtained the shape of double sub-beam supposed in simulation. Therefore, the feasibility of the proposed PAA multi-beam forming method was verified.
Conclusion
A method for multi-beam forming PAA transmission was proposed in this paper. With the proposed approach, a DFW with multiple sub-beams could be generated from multiple PFW groups with different spatial distributions. To validate the feasibility of the method, the signal processing of this method was introduced and beam forming simulations and experiments were also implemented for double sub-beam DFW. When the sub-beam steering angles o 1 and o 2 were set at 5°and −5°, 10°and −10°, and 20°and −20°, the generated beam patterns of DFW in the experiment showed a significant double-lobe shape. The experimental result showed ideal sub-beam directivity and sub-beam grating lobe elimination, but the sub-beam lobes are significantly broadened which caused a partial overlap between the sub-beams. Although the sub-beams do not gain the ideal lobe width, the generated DFW are still acceptable. The PAA multi-beam forming method was verified to be feasible.
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